A new way to control the harmonic mode-locking and multiple pulsing operation with the pulse duration unaffected of a Kerr-lens modelocked Ti:sapphire laser was demonstrated. When the effective nonlinear length of the nonlinear medium which was inserted in the Ti:sapphire laser was varied by changing the position of the medium or the pump power of the laser, stable harmonic mode-locking and multiple-pulse operation were observed.
Introduction
As an effective way to generate high repetition rate pulsed laser sources, multi-pulse operation based harmonic mode-locking has drawn much attention in both bulk and fiber lasers [1] [2] [3] [4] [5] [6] [7] . It was found that third-order harmonic mode-locking pulses could be constructed in a passively mode-locked Cr 4+ :YAG laser [8] , and fourth-order harmonic mode-locking pulses were observed in a Kerr-lens mode-locked (KLM) Ti:sapphire laser [9] . With apropos intra-cavity power, up to 11 pulses were obtained in a passively mode-locked erbium/ytterbium fiber laser [10] . Multi-pulse operation with femtosecond (fs) pulse spacing limited by the pulse duration in an KLM Ti:sapphire laser was reported [7] . Theoretically, Ginzburg-Landau equation taking account of the effect of a bandpass filter was used to simulate the pulse-splitting of a mode-locked Ti:sapphire laser started with a semiconductor saturable-absorber mirror [5] . Peak-power-limiting effect was proved to be responsible for multi-soliton generation in a passively mode-locked fiber laser [11] , and the gain depletion and recovery dynamics in the gain medium was successfully used in understanding different pulse spacings in soliton lasers [12] . Here, we performed a further study on the influence of the Kerr effect on multi-pulse operation of the KLM ultrashort lasers, which would be essential for such kind of lasers.
In this paper, we experimentally demonstrate that harmonic mode-locking and multi-pulse operation in a KLM Ti:sapphire laser can be controlled by varying the intra-cavity Kerr effect, which is performed by tuning the position of an inserted nonlinear crystal or changing the pump intensity. Moreover, for a stable multi-pulse operation, the value of the intra-cavity net negative dispersion is limited by the Kerr effect. These results allow us a better understanding of the multi-pulse operation of the KLM laser and provide a possible way to control it.
Experiment and results
A schematic of the Ti:sapphire laser used in our experiment is shown in Fig. 1 . It contains two Brewster-cut Ti:sapphire crystals (Ti:S1 and Ti:S2) in two confocal cavities, and Ti:S1 (2.5-mm-thick) is used as the gain medium for the laser while Ti:S2 (5-mm-thick) is used as a nonlinear medium. Three pairs of broadband high-reflection (HR) chirped mirrors (M1-M2, M3-M4, and M5-M6), each with an average group velocity dispersion (GVD) of -70 fs 2 , are used to compensate for the positive intra-cavity GVD. M1, M2, M5, and M6 are concave mirrors with the same radius of 100 mm, and a 3% output coupler (OC) is used. A pair of fused silica prism (P1 and P2) with a separation of 397 mm is inserted in the cavity for additional tunability of the intra-cavity GVD. The total cavity length is about 1875 mm, which corresponds to a round-trip time of 12.5 ns. A commercial autocorrelator and a power meter are used to measure the pulse duration and the average output power, respectively. A sampling oscilloscope and an rf-spectrum analyzer are used to monitor the pulse evolution and its corresponding power-spectrum with the help of a high-speed detector. Mode-locking can be achieved readily by pushing one of the prisms quickly as M2 is tuned to a suitable position. The position of the nonlinear crystal Ti:S2 can be tuned continuously in a precise way. While translating Ti:S2 inside the laser cavity, the output average power and pulse duration experience no observable changes. Figure 2 (a) shows the output power, the pulse duration and the number of the pulses observed in a cavity round-trip time as functions of the position of Ti:S2 relative to the focus of the confocal cavity. Five regions can be found in the figure with different number (n) of pulses in a round-trip time. It shows a strong tendency that the closer the Ti:S2 to the focus, the more pulses are observed. The asymmetry of Fig. 2 with respect to Z-Z 0 is caused by the asymmetry of the beam waist in the cavity. The pulse train and the corresponding power spectrum are shown in Fig. 3 . At certain positions, stable second-order harmonic mode-locking is found and three pulses with unequal nanosecond interpulse spacing are observed. Once the multiple pulses are structured, the harmonic mode-locking where all pulses have an equal interpulse spacing can be well explained by the transient gain depletion and recovery mechanism [12] . Since the gain recovery time of Ti:sapphire is much longer than the round-trip time, if the n ( 2 n ≥ ) pulses in the cavity have an unequal separation, the gain for each pulse will be different. So does the group velocity. Under this situation, after a large number of round trip in the cavity, a stable state of harmonic mode-locking is structured. The timing jitter of a Gaussian pulse can be given by
, where XC τ and AC τ are the full-width at half-maximums (FWHM) of the cross-and auto-correlation of the laser output pulses, respectively [13] . As shown in Fig.  4(a) , the auto-and cross-correlation are measured with a home-made correlator for the second harmonic mode-locked laser pulses. A 0.2-mm-thick beta barium borate crystal is used for the sum-frequency generation of two cross-overlapped pulses, and an avalanche photodiode is used for the detection. In the cross-correlation measurement, the time delay is adjusted around 6.125 ns for two adjacent harmonic pulses. The auto-and cross-correlation FWHMs are 40 and 45 fs, indicating a pulse-to-pulse timing jitter of 5 fs for the adjacent harmonic pulses. Meanwhile from the RF spectrum shown in Fig. 4(b) , we can find that the cavity fundamental suppression (super-mode suppression) is better than 38 dB. 
Analysis
The dependence of the multi-pulse operation on the position of the nonlinear crystal can be understood as follows. The pulse propagation in the cavity can be described by the nonlinear Schrödinger equation:
where u is the electric field envelop, and 2
β is the net intra-cavity GVD. The nonlinear coupling term corresponds to Kerr effect with the coefficient ( )
, where 2 n is the nonlinear refraction index of Ti:sapphire, λ is the central wavelength of the carrier envelope, and ω is the beam waist. Obviously, as the crystal moves towards to the focus, the beam waist becomes smaller and the Kerr effect becomes stronger. As there are no visible changes of 2 β (see Fig. 2 ), an intuitional conclusion can be derived that the action of Kerr effect in the crystal should be responsible for the pulse splitting. To be more precise and to reveal the underlying physical mechanism, we take into account the combined effects of Kerr nonlinearity and positive GVD in the medium and also the negative GVD inside the laser cavity. At first, to describe the pulse evolution along the medium, we use a parameter / N L L D NL = to characterize the dispersion effect over Kerr nonlinearity, where L D is the dispersion length related to the pulse duration ( 0 T ) and GVD ( β ) in the medium in the form
, while L NL is the effective nonlinear length related to the peak power P and γ in the form of ( ) , which means that the Kerr effect plays a dominant role on the pulse evolution along the medium in comparison with the dispersion effect. The Kerr nonlinearities may function as self-phase modulation (SPM) and four-wave mixing between different frequency modes in the frequency domain, self-focusing of the laser beam in the space domain, or self pulse steepening in the time domain. In any cases, the nonlinear interaction can well-described by the nonlinear term in Eq. (1). The self-focusing results in changes of the beam waist and accordingly the peak power, which is comparably small than those caused by the translation of the Ti:S2 crystal. We thus neglect the spatial changes in our analysis and focus on the pulse changes in the time (frequency) domain for the sake of simplicity. SPM actually plays a dominant role on pulse splitting among all the mentioned Kerr nonlinearities. Four-wave mixing among different frequency modes broadens the pulse spectra and is equivalent to SPM in the frequency domain. Then, taking the intra-cavity net negative GVD into account, the pulse splitting mechanism can be shown as side-lobe pulse generation [7] . Since the SPM provides positive linear frequency chirp at the center of the pulse and negative nonlinear chirp at the edges, when the pulse passes through the prism pair, it splits into three pulses because of the action of negative GVD. But only the two pulses formed from the edges can be sustained and grow into stable double pulses while the pulse from the center with much less energy will disappear. As N is much larger than one in our laser, it is impossible for the central pulse getting enough energy to be sustained, which is different from Ref. [7] . The three-pulse operation here can be explained as the reaction of the pulse splitting operation shown above. Since the two pulses sustained in the cavity can carry different energy, it is comprehensible that the stronger one can split again with the increasing effect of SPM and then stable three pulses can be obtained. Figure 5 shows the dependence of the pulse evolution on the value of N . The arrows show the pulse evolution while Ti:S2 is translated hereabout the focus orderly. When N is large enough, the pulse in the cavity develops into two pulses suddenly, meanwhile the value of N decreases to the half level because of the intra-cavity energy redistribution. As N keeps on increasing, the two pulses develop into three pulses. The maximum of N appears when Ti:S2 is in the confocal focus. If we keep on translating Ti:S2, N decreases. So does the number of pulses in a round-trip time.
Since the dispersion length of the medium keeps constant, the dependence of pulse splitting on the effective nonlinear length related to the Kerr effect is shown clearly. The evolution of the effective nonlinear length while Ti:S2 is translated can be found in Fig. 2(b) . Two more experiments are performed to validate the Kerr effect dominant mechanism. Harmonic mode-locking and multiple pulses are found while the pump power or negative GVD is changed. Figure 6 gives the output power, the pulse duration and the number of the pulses observed in a round-trip time as a function of pump power. Depending on the value of n, four regions appear in the figure. While the pump power increases, the peak power inside the crystal increases, which enhances the Kerr effect. So it is not difficult to understand that at certain levels, the side-lobe pulses are generated. Furthermore, when the pump power is above a critical value, the stable mode-locking mechanism is destroyed and a continuous-wave component are found on the spectrum. The number of pulses in a cavity round-trip time decreases while the continuous-wave component increases, which shows the dependence of the pulse splitting on the Kerr effect.
It's not surprising that multi-pulse operation exists in a laser cavity when the intra-cavity negative GVD is decreased below a critical value. According to previous reports [5, 9] , in the presence of mere negative intra-cavity GVD, the lower the value of 2 β the more pulses could be found. But our experiment results show that pulse splitting happens only when the negative GVD is limited in a certain range. As the negative GVD is varied by changing the insertion width of the second prism P2, stable mode-locking in the cavity develops into multipulse operation firstly and then returns to stable mode-locking with single pulse in a roundtrip time at a critical value as the GVD keeps decreasing. Figure 7 shows this tendency clearly. It also shows the output power and pulse duration as functions of the negative GVD. Using the mechanism discussed above, we can find out that the requirement of a certain amount of the GVD is due to the decreasing Kerr effect in the medium caused by the decreasing peak power. When the Kerr effect is below the critical level or even less than the positive GVD, the side-lobe pulse generation can't occur and only stable mode-locking with one pulse can be observed in a round-trip time. 
Conclusion
In summary, we demonstrate a new way to control harmonic mode-locking and multi-pulse operation of a KLM Ti:sapphire laser. As the effective nonlinear length of the medium intracavity is varied by adjusting the position of the medium or the pump power of the laser, pulse splitting and harmonic mode-locking are observed. A limitation of the net negative GVD caused by the change of the effective nonlinear length is found. These results are explained well by side-lobe pulse generation and transient gain depletion and recovery.
